A graph G = (V, E) is a k-critical graph if G is not (k − 1)-colorable but G − e is (k − 1)-colorable for every e ∈ E(G). In this paper, we construct a family of 4-critical planar graphs with n vertices and 7n−13 3
Introduction
Let G = (V, E) be a graph, G is said to be k-colorable if there is a assignment of k colors to the vertices of G such that no two adjacent vertices of G get the same color. The chromatic number of G, denoted by χ(G), is the least integer k such that G is k-colorable. A graph G = (V, E) is a k-critical graph if G is not (k − 1)-colorable but G − e is (k − 1)-colorable for every e ∈ E(G).
A planar graph is a graph that can be embedded in the plane, i.e., it can be drawn on the plane in such a way that its edges intersect only at their endpoints. Let G = (V, E) be a graph and v ∈ V (G), we denote by N (v) the set of vertices that are adjacent to v. Let f (n) and F (n) denote respectively the minimum number and maximum number of a 4-critical planar graph with n vertices. Table 1 shows some exact values of f (n) and F (n) for n ≤ 14. In [5] , A.V.
Kostochka and M. Yancey proved that f (n) ≥ 5n−2 3 , and this bound is sharp in the sense that there are infinitely many 4-critical planar graphs on n vertices and 5n− 2 3 edges. As for F (n), H.
L. Abbott and B. Zhou [1] proved that F (n) ≤ 2.75n, G. Koster [2] later improved this bound to 5n 2 . We believe that this upper bound can not be obtained. Let G = (V, E) be a graph, define S = sup|E(G)|/|V (G)|, where the bounds are taken over all 4-critical planar graphs with |V (G)| vertices and |E(G)| edges. Grünbaum [3] used Hajós's construction [4] Table 1 : Some values of f (n) and F (n)
2 Main Results
The graph H k Lemma 2.1. Let H k be the graph shown in Figure 1 , then H k is three colorable; Moreover, let
, then each w i gets the same third color, and c(u j ) = c(v j ) for all j = 0, 1, 2, · · · , k;
Proof. We color w i (1 ≤ i ≤ k) the color 1, and for each pair of vertices u 2i and v 2i , we color them the color 2; finally, all the remaining vertices are colored 3. It is easy to see that it is a 3-coloring of H k .
(i) It is easy to check that (i) is valid for H 1 ; Assume that (i) holds for H k−1 . Now (ii) We can prove it also by induction, the details are omitted here. Proof of theorem 2.2. We construct a graph G k as shown in Figure 2 , where Note that G k is a planar graph with 6k + 7 vertices and 14k + 12 edges. In the following, we shall prove that both G k is 4-critical.
First, we prove that G k is not 3-colorable. Suppose that G k is 3-colorable, let c : Next, we prove that for each e ∈ E(G k ), G k − e is 3-colorable. Since the number of automorphisms of G k is one, G k is extremely not symmetric, so we have to consider awkwardly every possible edge of G k . In the following, let
and t − i is even}, where i < j.
Furthermore, if a graph G is 3-colorable, we will denote by C 1 and C 2 the set of vertices that are colored 1 and 2 respectively. For the sake of conciseness, we will not indicate the set of vertices that are colored 3.
Note that G k has four vertices y 2 , u 0 , v 0 , v 2k which have degree 3. If G k − v is 3-colorable for v ∈ {y 2 , u 0 , v 0 , v 2k }, then it is obvious that G k − e is 3-colorable for each edge e that is incident
This proves that H = G k − v is 3-colorable for some v ∈ {y 2 , u 0 , v 0 , v 2k }.
Next, let e be an edge that is not incident with any vertex of {y 2 , u 0 , v 0 , v 2k } and let G = G k − e, we shall prove that G is 3-colorable.
If e = x 1 x 2 , let C 1 = {x 1 , x 2 } ∪ W , C 2 = {y 1 } ∪ U 1 ∪ V 2 ;
If e = x 1 x 3 , let C 1 = {x 1 , x 3 } ∪ W , C 2 = {y 1 , y 2 } ∪ U 1 ∪ V 2 ;
If e = x 2 x 3 , let C 1 = {x 1 } ∪ W , C 2 = {y 1 , y 2 } ∪ U 1 ∪ V 2 ;
